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KA¨HLER MANIFOLDS WITH ALMOST NON-NEGATIVE
CURVATURE
MAN-CHUN LEE1 AND LUEN-FAI TAM2
Abstract. In this paper, we construct local and global solutions to the
Ka¨hler-Ricci flow from a non-collapsed Ka¨hler manifold with curvature
bounded from below. Combines with the mollification technique of McLeod-
Simon-Topping, we show that the Gromov-Hausdorff limit of sequence of
complete noncompact non-collapsed Ka¨hler manifolds with orthogonal bi-
sectional curvature and Ricci curvature bounded from below is homeomor-
phic to a complex manifold. We also use it to study the complex structure
of complete Ka¨hler manifolds with nonnegative orthogonal bisectional cur-
vature, nonnegative Ricci curvature and maximal volume growth.
1. introduction
In this work, we want to study properties of complete non-compact Ka¨hler
manifolds with curvature bounded from below. More specifically, we consider
complete non-compact Ka¨hler manifolds with both orthogonal bisectional cur-
vature and Ricci curvature being bounded from below. Let us first recall the
definition of orthogonal bisectional curvature:
Definition 1.1. On a Ka¨hler manifold (M, g), we say that the orthogonal
bisectional curvature OB is bounded from below by k (denoted by OB ≥ k) if
for any X, Y ∈ T 1,0M , g(X, Y¯ ) = 0,
R(X, X¯, Y, Y¯ ) ≥ kB(X, X¯, Y, Y¯ )(1.1)
where B(X, Y¯ , Z, W¯ ) = g(X, Y¯ )g(Z, W¯ ) + g(X, W¯ )g(Z, Y¯ ).
By the Gromov’s Compactness theorem [12]: Let (Mi, gi, pi) be a sequence
of pointed complete Riemannian manifolds of the same dimension n with
Ricci curvature bounded from below by −k, then after passing to the sub-
sequence (Mi, gi, pi) will converge to a complete metric space (M∞, d∞, p∞) in
the pointed Gromov-Hausdorff sense. One of the main question is to study
the structure of (M∞, d∞, p∞). In this work, we want to study the limit space
in the case when each (Mi, gi, pi) is Ka¨hler with OB(gi),Ric(gi) both bounded
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from below by a constant independent of i and is non-collapsing. We obtain
the following:
Theorem 1.1. We have the following:
(I) Suppose (Mni , gi) is a sequence of complete non-compact Ka¨hler mani-
folds such that for all i ∈ N, we have pi ∈Mi and
(a) OB(gi) ≥ −1 on Mi;
(b) Ric(gi) ≥ −1 on Mi;
(c) Vgi(pi, 1) ≥ v > 0 for some v > 0 independent of i (weakly non-
collapsed).
Then there exist a complex manifold (M∞, J∞), p∞ ∈M∞ and a com-
plete distance metric d∞ : M∞ ×M∞ → [0,+∞) generating the same
topology as M∞ such that after passing to a subsequence in i we have
(Mi, dgi, pi)→ (M∞, d∞, p∞)
in the pointed Gromov-Hausdorff sense.
(II) Suppose in addition, Vgi(x, 1) ≥ v > 0 for some v > 0 independent
of i and x ∈ Mi (uniformly non-collapsed). Then the limit space M∞
admits a complete Ka¨hler metric g∞ with bounded curvature so that the
metric induced by g∞ is quasi-isometric to d∞.
We will use techniques in Ka¨hler-Ricci flow to prove these results following
the ideas by Simon-Topping [39], Bamler–Cabezas-Rivas–Wilking[1], Hochard
[14], Lai [15] and McLeod-Topping [24, 25], where limit spaces of Riemannian
manifolds have been studied using Ricci flow. The results say that the limit
spaces are smooth manifolds under conditions on lower bounds of various cur-
vatures together with non-collapsing. In the Ka¨hler setting, Donaldson-Sun
[10] proved that the Gromov-Hausdorff limit of a sequence of non-collapsed,
polarized compact Ka¨hler manifolds with bounded Ricci curvature, is a nor-
mal projective variety. It was generalized by Liu-Sze`kelyhidi in [22] by only
assuming the Ricci curvature is bounded from below. For non-compact Ka¨hler
manifolds, using Gromov-Hausdorff convergence theory by Cheeger-Colding,
Liu [21, 20] proved that the limit space is homeomorphic to a normal complex
analytic space with singularity of complex codimension at least 4 codimension
assuming that bisectional curvature of the sequence satisfies BK(gi) ≥ −1. Re-
call that a Ka¨hler metric is said to have bisectional curvature bounded from
below by k (denote it by BK ≥ k) if (1.1) holds for any X, Y ∈ T 1,0M . Clearly,
BK ≥ k implies OB ≥ k and Ric ≥ (n + 1)k. Hence part (I) of the theorem
is a generalization Liu’s result.
From [24, 25] in order to prove Theorem 1.1 (I), we need to construct a
pyramid solution to the Ka¨hler-Ricci flow which is in parallel with [25, The-
orem 1.3]. In order to prove Theorem 1.1(II), we need to construct a global
solution with precise estimates on lifespan, curvature and injectivity radius.
We have the following:
Theorem 1.2.
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(I) For any n, v0 > 0, there exist non-decreasing sequence ak, βk ≥ 1 and
non-increasing sequence Sk > 0 such that the following holds: Suppose
(Mn, g0) is a complete non-compact Ka¨hler manifold and p ∈ M so
that
(a) Ric(g0) ≥ −1 on M ;
(b) OB(g0) ≥ −1 on M ;
(c) Vg0(p, 1) ≥ v0.
Then for any m ∈ N, there is a solution to the Ka¨hler-Ricci flow gm(t)
defined on a subset Dm of space-time given by
Dm =
m⋃
k=1
(Bg0(p, k)× [0, Sk]) ,
with gm(0) = g0 on where it is defined and satisfies

Ric(gm(t)) ≥ −βk;
OB(gm(t)) ≥ −βk;
|Rm(gm(t))| ≤ akt−1;
injgm(t)(x) ≥
√
a−1k t
on each Bg0(p, k)× (0, Sk].
(II) If in addition, Vg0(x, 1) ≥ v0 > 0 for all x ∈ M , then there is a(n, v0),
T (n, v0), L(n, v0) > 0 and a complete solution to the Ka¨hler-Ricci flow
g(t) defined on M × [0, T ] so that for all (x, t) ∈M × (0, T ],

Ric(g(t)) ≥ −L;
OB(g(t)) ≥ −L;
|Rm(g(t))| ≤ at−1;
injg(t)(x) ≥
√
a−1t
To construct the solutions in the theorem, the main ingredient is to construct
local solutions to the Ka¨hler-Ricci flow on any geodesic balls with estimates on
lifespan, curvature and injectivity radius. This can be done by using techniques
of Chern-Ricci flows on Hermitian manifolds which were introduced by Gill
[11] and Tosatti-Weinkove [40] and extending the local construction and local
estimates in [17], by adopting the Hochard’s idea [13] of partial Ricci flow
to the Chern-Ricci flow setting. We follow closely the modified argument by
Simon-Topping [39] to obtain:
Theorem 1.3. For all β0, B ≥ 1 and v > 0, there is a(n, v, β0) ≥ 1, T0(n, v, β0, B)
such that the following is true:
Suppose (Mn, g0) is a Ka¨hler manifold with complex dimension n. Let p ∈M
so that Bg0(p, R + 2) ⋐M for some R ≥ 1 and for all x ∈ Bg0(p, R + 1),
(i) Ric(g0) ≥ −β0;
(ii) OB(g0) ≥ −β0;
(iii) Vg0(x, 1) ≥ v.
4 Man-Chun Lee and Luen-Fai Tam
If there is S > 0 and a smooth Ka¨hler-Ricci flow solution g˜(t) defined on
Bg0(p, R + 1) × [0, S] with g˜(0) = g0 and satisfies |Rm(g˜(t))| ≤ Bt−1 and
injg˜(t)(x) ≥
√
B−1t, then there is a smooth Ka¨hler-Ricci flow g(t) solution on
Bg0(p, R)× [0, T0] such that g(t) = g˜(t) on Bg0(p, R)× [0, S ∧ T0] with
(1) |Rm(g(t))| ≤ at−1;
(2) injg(t)(x) ≥
√
a−1t
for all (x, t) ∈ Bg0(p, R)× [0, T0].
The theorem also implies a local existence result on geodesic balls, see
Lemma 3.3 for details.
Theorem 1.2(II) has an application on on the complex structure of complete
non-compact Ka¨hler manifold with OB ≥ 0, Ric ≥ 0 and of maximal volume
growth.
Corollary 1.1. Suppose (Mn, g0) is a complete non-compact Ka¨hler manifold
with non-negative orthogonal bisectional curvature, non-negative Ricci curva-
ture and maximal volume growth, then M is biholomorphic to a pseudoconvex
domain in Cn which is homeomorphic to R2n. Moreover, M admits a non-
constant holomorphic function with polynomial growth.
The first part of corollary is related to the uniformization conjecture by Yau
which states that a complete non-compact Ka¨hler manifold with positive bi-
sectional curvature must be biholomorphic to Cn. In general, BK ≥ 0 implies
OB ≥ 0,Ric ≥ 0. However, the converse is false in general. We refer [30,
section 7] for counter-examples when k = 0. In particular, the example given
by Ni-Zheng has the non-negative Ricci curvature, non-negative orthogonal bi-
sectional curvature and maximal volume growth but has negative holomorphic
sectional curvature somewhere. Under BK ≥ 0, the uniformization conjecture
of Yau was proved recently by Liu [21] under an extra assumption of maximal
volume growth, see also [4, 16] for an approach using the Ka¨hler-Ricci flow.
It will be interesting to know if one can obtain the full biholomorphism to Cn
under this weaker assumption. Noted that the condition on Corollary 1.1 is
strictly weaker than that in [21, 16]. We also remark that in a recent work by
Liu-Sze´kelyhidi [22], it was shown that a complete non-compact Ka¨hler man-
ifold is biholomorphic to Cn under Ric ≥ 0 and almost Euclidean asymptotic
volume ratio. The second part of the corollary is a generalization of [19, The-
orem 1.4] by Liu which states that a complete non-compact Ka¨hler manifold
with non-negative bisectional curvature supports a non-trivial holomorphic
function with polynomial growth.
The paper is organized as follows: In section 2, we will derive some a-priori
estimates for the Ka¨hler-Ricci flow. In section 3, we will construct local and
global solution to the Ka¨hler-Ricci flow and prove Theorem 1.3 and Theorem
1.2. In section 4, we will apply the solution of the Ka¨hler-Ricci flow to prove
Theorem 1.1 and Corollary 1.1. In the appendix, we will collect some known
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results which will be used in the main part of the paper, and will show that
the examples constructed by Ni-Zheng has maximal volume growth.
Acknowledgement: The authors are grateful to Raphae¨l Hochard for sending
us his thesis and generously sharing his ideas. Part of the works was done when
the first author visited the Institute of Mathematical Science at The Chinese
University of Hong Kong, which he would like to thank for the hospitality.
2. curvature estimates
In this section, we will derive some local curvature estimates of the Ka¨hler-
Ricci flow. We will first prove that under certain conditions, the orthogonal
bisectional is almost non-negativity of the orthogonal bisectional curvature
and the almost nonnegativity of along the flow. In order to prove this, we will
first need the following lemma stating that almost non-negativity of orthogonal
bisectional curvature will imply almost non-negativity of scalar curvature.
Lemma 2.1. Let (M, g) be a Ka¨hler manifold and p ∈ M . If OB(g(p)) ≥
−µ for some µ ≥ 0. Then the scalar curvature Rg(p) ≥ −Cnµ for some
dimensional constant Cn > 0.
Proof. Let R˜ij¯kl¯ = Rij¯kl¯ + µBij¯kl¯ where Bij¯kl¯ = gij¯gkl¯ + gil¯gkj¯. Then we have
R˜(X, X¯, Y, Y¯ ) ≥ 0 for all X, Y ∈ T 1,0p (M) with g(X, Y¯ ) = 0. By [31, Theorem
1.1], this implies
∑
i,j R˜i¯ijj¯ ≥ 0, for any unitary frame ei ∈ T 1,0p (M). From this
the result follows. 
Now we will show that the lowest eigenvalue of Ricci curvature can be con-
trolled along the flow if the orthogonal bisectional curvature is bounded from
below along the flow. For notational convenience, we will use a ∧ b to denote
min{a, b} for a, b ∈ R.
Proposition 2.1. Suppose (Mn, g(t)), t ∈ [0, T ] is a smooth solution to the
Ka¨hler-Ricci flow such that for some p ∈M , r > 0, we have Bt(p, r) ⋐M for
all t ∈ [0, T ]. Suppose there is a, µ0, k > 0 such that
(1) |Rm(x, t)| ≤ at−1 on Bt(p, r), t ∈ (0, T ];
(2) Ric(g(0)) ≥ −µ0r−2 on Bg0(p, r);
(3) OB(g(t)) ≥ −kr−2 on Bt(p, r), t ∈ [0, T ].
Then there is T1(n, a, µ0, k) > 0 depending only on n and the upper bounds of
a, k, µ0 such that for all x ∈ Bt(p, r8) and t ∈ [0, T ∧ (r2T1)],
Ric(x, t) ≥ −cnr−2 (k(a+ kt) + µ0 + 1) gij¯ .
Proof. Here and below, cl will denote a positive constant depending only on
n. By parabolic rescaling, we may assume r = 1. By [32, Lemma 8.3] and the
curvature assumption, the distance function dt(x, p) satisfies(
∂
∂t
−∆
)
dt(x, p) ≥ −c2a√
t
(2.1)
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in the sense of barrier whenever dt(x, p) ≥
√
t. Let φ be a cutoff function on
[0,+∞) such that φ is identical 1 on [0, 1
4
], vanishes outside [0, 3
4
] and satisfies
100 ≤ φ′ ≤ 0, φ′′ ≥ −100.(2.2)
Let Φ(x, t) = e−100mtφm(η(x, t)) where η(x, t) = dt(x, p) + 2c2a
√
t and m ∈ N
is a large integer to be fixed later. Then the cutoff function Φ satisfies(
∂
∂t
−∆
)
Φ ≤ 0(2.3)
in the sense of barrier. We may assume Φ to be smooth when we apply
maximum principle, see [38, section 7] for detailed exposition (see also [?]).
By Lemma 2.1, we have Rg(t) ≥ −c1k in Bt(p, 1) for t ∈ [0, T ]. Let
(2.4) R˜ = R + c1k ≥ 0
For any ǫ > 0, let
µ(x, t) = ktR˜ +
1
4
t
1
4 + µ0 + ǫ.
Consider the modified Ricci tensor
Aij¯ = ΦRij¯ + µgij¯.(2.5)
We want to prove that Aij¯ ≥ 0 on [0, T1 ∧ T ], for some T1(n, k, a, µ0) > 0
depending only on n and the upper bounds of k, a, µ0.
Clearly, Aij¯ > 0 for t sufficiently small and outside the support of Φ. Hence
if Aij¯ ≤ 0 somewhere, then there is t0 ∈ (0, T ∧T1] and x0 in with Φ(x0, t0) > 0,
u ∈ T 1,0x0 M so that be such that A > 0 on [0, t0) and for so that Auu¯(x0, t0) = 0.
We may assume guu¯(x0, t0) = 1 by rescaling. Extend u around (x0, t0) such
that ∇u = ( ∂
∂t
−∆)u = 0 at (x0, t0). Then at (x0, t0), we have
0 ≥
(
∂
∂t
−∆
)
Auu¯
=Ruu¯
(
∂
∂t
−∆
)
Φ + Φ
(
∂
∂t
−∆
)
Ruu¯ − 2Re
(
gij¯Φi · ∂j¯Ruu¯
)
+
(
∂
∂t
−∆
)
µ− µRuu¯.
(2.6)
We want to estimate different terms in the last line above. Since Auu¯ = 0
at (x0, t0), Ruu¯ must be negative. Combines this with (2.3), we have
(2.7) Ruu¯
(
∂
∂t
−∆
)
Φ ≥ 0.
At (x0, t0), we choose an unitary frame ei such that e1 = u and Rij¯ = λiδij
with λn ≥ λn−1 ≥ · · · ≥ λ1 = R11¯. This is possible because u is the eigenvector
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of A corresponding to the lowest eigenvalue 0 at (x0, t0). Hence,
Φ
(
∂
∂t
−∆
)
R11¯ − µR11¯ =Φ
n∑
i=1
R11¯i¯iλi − Φ
n∑
j=1
R1j¯Rj1¯ − µλ1
=Φ
n∑
i=1
(R11¯i¯i + k)λi − Φk
n∑
i=1
λi − Φλ21 − µλ1
≥λ1Φ
n∑
i=1
(R11¯i¯i + k)− ΦkR
=Φλ21 + Φkλ1 − ΦkR
≥− ΦkR − 1
4
k2.
(2.8)
Here we have used A11¯ = 0 and hence Φλ1 + µ = 0 at (x0, t0).
Using the fact that ∇Auu¯ = 0 and Auu¯ = 0 at (x0, t0). Hence,
−2Re
(
gij¯Φi · ∂j¯Ruu¯
)
=2
|∇Φ|2
Φ
Ruu¯ +
2
Φ
Re
(
gij¯µiΦj¯
)
≥− 2 |∇Φ|
2
Φ2
µ− 2 |∇Φ||∇µ|
Φ
≥− c3m
2µ
Φ
2
m
− c3m|∇µ|
Φ
1
m
≥− c4a
2
mm2µ
1− 2
m
0
t
2
m
0
− c4ma
1
m |∇µ|
t
1
m
(1+ 1
4
)
0
(2.9)
where we have used the fact that at (x0, t0),
−ΦR11¯ = µ(2.10)
and the assumption that |Rm(g(t))| ≤ a/t at this point so that
Φ ≥ ca−1t0µ ≥ 1
4
ca−1t
1+ 1
4
0
at (x0, t0), for some constant c depending only on n.
(
∂
∂t
−∆
)
µ =kR˜ + t
−
3
4
0 + kt0|Ric|2
≥kR˜ + t−
3
4
0 .
(2.11)
On the other hand, by Shi’s estimate [35] (see [2, Theorem 1.4] for the ver-
sion that we are referring to), we may assume that |∇Rm| ≤ C(n, a)t−3/2 on
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Bt(p,
3
4
), t ∈ (0, T ∧ T1]. Hence by (2.6)–(2.11), at (x0, t0) we have
0 ≥− ΦkR − 1
4
k2 − c4a
2
mm2µ
1− 2
m
0
t
2
m
0
− c4ma
1
m |∇µ|
t
1
m
(1+ 1
4
)
0
+ kR˜ + t
−
3
4
0
≥− 1
4
k2 − c4a
2
mm2µ
1− 2
m
0
t
2
m
0
− D1c4ma
1
m
t
1
m
(1+ 1
4
)+ 1
2
0
+ t
−
3
4
0
(2.12)
where D1 is a constant depending only on n, a.
Therefore, if we choose m = 10, then (2.12) implies t0 ≥ T1(n, k, µ0, a)
which is a positive constant depending only on the n and the upper bounds of
k, µ0, a. Hence we have
Aij¯ ≥ 0
on Bt(p,
1
8
) and t ∈ [0, T1]. Since |Rm(g(t))| ≤ at , we conclude that in Bt(p, 18)
and t ∈ [0, T1], we have
Rij¯ ≥− µgij¯
≥
(
−tk(c5a1
t
+ c1k)− µ0 − 1
4
t
1
4 − ǫ
)
gij¯
=− c6 (k(a + kt) + µ0 + 1) gij¯ − ǫgij¯.
provided T1 ≤ 1. This completes the proof by letting ǫ→ 0. 
We also have the following local persistence result of OB(g(t)) which is
essentially due to Hochard, see [14].
Proposition 2.2. For any n, L > 0, there exist C0(n, L) > 1, T2(n, L) >
0 such that the following holds: Suppose (Mn, g(t)), t ∈ [0, T ] is a smooth
solution to the Ka¨hler-Ricci flow with complex dimension n. Let p ∈ M be
such that OB(g0(x)) ≥ −kr−2 and Ric(g0)(x) ≥ −kr−2 on Bg0(p, k−
1
2 r) ⋐ M
for some k > 0. Suppose that for all (x, t) ∈ Bg0(p, k−
1
2 r)× (0, T ], we have
(1) |Rm(x, t)| ≤ Lt−1;
(2) injg(t)(x) ≥
√
L−1t.
Then for all t ∈ T∧(k−1r2T2), OB(g(p, t)) ≥ −C0(n, L)kr−2 and Ric(g(p, t)) ≥
−C0(n, L)kr−2.
Proof. By rescaling, we may assume that kr−2 = 1. For (x, t) ∈ Bg0(p, 1) ×
[0, T ], let
ℓ(x, t) = inf{l ≥ 0| OB(gt(x, t)) ≥ −l}.
By [18, p.15], ℓ satisfies (
∂
∂t
−∆
)
ℓ ≤ Rℓ+ c1ℓ2
in the sense of barrier. Here R is the scalar curvature and c1 is a positive
constant depending only on n.
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The first part follows from Proposition A.1. The second part follows from
the first part, Proposition 2.1 and the shrinking ball Lemma A.3.

By letting k → 0, we have the following:
Corollary 2.1. Let (Mn, g(t)), t ∈ [0, T ] be a smooth solution to the Ka¨hler-
Ricci flow with complex dimension n with g(0) = g0. Suppose OB(g0) ≥
0,Ric(g0) ≥ 0 and suppose
|Rm(g(t))| ≤ Lt−1, injg(t)(x) ≥
√
L−1t
for all (x, t) ∈M × (0, T ]. Then OB(g(t)) ≥ 0,Ric(g(t)) ≥ 0.
Remark 2.1. By modifying the method in [17], one can prove that the nonneg-
ativity of orthogonal bisectional curvature will be preserved under the Ka¨hler-
Ricci flow g(t) which satisfies |Rm(g(t))| ≤ a/t for t > 0. Namely, the condi-
tion on injectivity radius in the corollary is not needed.
We also have the following curvature estimate of Ka¨hler-Ricci flow.
Proposition 2.3. For any n, v > 0, there is T3(n, v), L(n, v) > 0 so that
the following holds. Suppose (Mn, g(t)), t ∈ [0, T ] is a smooth solution to the
Ka¨hler-Ricci flow such that for some p ∈M , r > 0, we have Bt(p, r) ⋐M for
all t ∈ [0, T ] and
(a) Vg0(p, r) ≥ vr2n;
(b) Ric(g(t)) ≥ −r−2 on Bt(p, r) for all t ∈ [0, T ];
(c) OB(g(t)) ≥ −r−2 on Bt(p, r) for all t ∈ [0, T ].
Then for all t ∈ [0, T ∧ (r2T3)] and x ∈ Bt(p, r4),
|Rm(x, t)| ≤ L
t
and |∇Rm(x, t)| ≤ L
t3/2
.
Moreover for x ∈ Bt(p, r4) and t ∈ [0, T ∧ (r2T3)], the injectivity radius satisfies
injg(t)(x) ≥
√
L−1t.
Proof. The proof on the estimates of |Rm(g(t))| follow verbatim from that in
[38, Lemma 2.1]. The argument in [38, Lemma 2.1] will imply that if the asser-
tion on |Rm(x, t)| is false, then there exists a non-flat complete non-compact
ancient solution to the Ka¨hler-Ricci flow which has non-negative orthogonal
bisectional curvature, non-negative Ricci curvature, bounded curvature and
maximal volume growth. But this contradicts with [18, Proposition 6.1]. The
higher order estimates follows from Shi’s higher order local estimate [35], see
[2, Theorem 1.4] for the version that we used.
The injectivity radius lower bound can be proved as in [39, Lemma 4.1]
using the result of Cheeger-Gromov-Taylor [6], [38, Lemma 2.3] and volume
comparison theorem. 
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3. Existence of Ka¨hler-Ricci flow
3.1. Existence of Ka¨hler-Ricci flow on Bg0(R) × [0, T ]. In this section,
we will prove the following slightly more general pyramid extension of Ka¨hler-
Ricci flow which in turn implies Theorem 3.1. This can be viewed as a Ka¨hler
analogy to [25, Lemma 4.1], see also [24, Lemma 2.1] for three manifolds with
Ricci curvature bounded from below. We proceed as in [16].
Lemma 3.1. (Extension Lemma) For all β0 ≥ 1 and v > 0, there exist
a(n, v, β0) ≥ 1, T (n, v, β0) > 0, λ(n, v, β0) > 0 and µ(n, v, β0) > 0, such that
the following is true:
Suppose (Mn, g0) is a Ka¨hler manifold with complex dimension n and p ∈M
so that Bg0(p, R) ⋐M for some R > 0 and for all x ∈ Bg0(p, R),
(1) Ric(g0)(x) ≥ −β0;
(2) OB(g0)(x) ≥ −β0;
(3) Vg0(x, 1) ≥ v.
Suppose g(t) is a smooth Ka¨hler-Ricci flow on Bg0(p, R)×[0, t0] with 0 < t0 < T
so that
(i) |Rm(g(t))| ≤ at−1;
(ii) injg(t)(x) ≥
√
a−1t
on Bg0(p, R) × [0, t0]. Then g(t) can be extended to a smooth solution to the
Ka¨hler-Ricci flow on Bg0(p, R− 5λt
1
2
0 )× [0, (1+ µ)2t0)] so that (i) and (ii) are
still true, provided that R− 5λt
1
2
0 > 0.
Proof. Let a(n, v, β0) ≥ 1, T (n, v, β0) > 0, µ(n, v, β0) > 0, λ(n, v, β0) > 0 to be
determined. In the following,
• ci will denote positive constants depending only on n, the lower bound
of v and upper bound of β0; and
• Ci will denote positive constants depending only on n, a.
By volume comparison, we have
(3.1) Vg0(x, r) ≥ c1r2n
for all 0 < r ≤ 1. Suppose t0 < T and R− 5λt
1
2
0 > 0.
For x ∈ Bg0(p, R− λt
1
2
0 ), Bg0(x, λt
1
2
0 ) ⋐ Bg0(p, R). By Proposition 2.2, there
exists T1(a, n) > 0 and C1(n, a) > 1 such that if λ and T satisfy
(3.2) (λT
1
2 )−1 ≥ β
1
2
0
which implies OB(g0) ≥ −β0 ≥ −(λT 12 )−2,Ric(g0) ≥ β0 ≥ −(λT 12 )−2 in
Bg0(x, λt
1
2
0 ), we have
(3.3) OB(g(x, t)) ≥ −C1(λ2t0)−1; Ric(g(x, t)) ≥ −C1(λ2t0)−1
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for all t ≤ t0 ∧ (λ2t0T1) = t0, and x ∈ Bg0(p, R− 2λt
1
2
0 ) provided
(3.4) λ2T1 ≥ 1.
Also, by Lemma A.3, we have
(3.5) Bg(t)(x,
1
2
λt
1
2
0 ) ⊂ Bg0(x, λt
1
2
0 )
for t ≤ t0, provided that
(3.6) βa
1
2 ≤ 1
2
λ.
where β is a positive constant depending only on n. For x ∈ Bg0(p, R− 3λt
1
2
0 ),
t ∈ [0, t0],
Bg(t)(x,
1
2
λt
1
2
0C
−
1
2
1 ) ⊂ Bg(t)(x,
1
2
λt
1
2
0 ) ⊂ Bg0(x, λt
1
2
0 )
because C1 > 1. Moreover, r =:
1
2
λt
1
2
0C
−
1
2
1 ≤ 1 if
(3.7)
1
2
λT
1
2 ≤ 1.
By Proposition 2.3 and by (3.3), (3.1), there exist T2(n, v, β0) > 0 and c2(n, v, β0)
such that
(3.8)


|Rm(x, t)| ≤ c2t−1;
|∇Rm(x, t)| ≤ c
3
2
2 t
−3/2;
injg(t)(x) ≥
√
c−12 t.
for all x ∈ Bg0(p, R− 3λt
1
2
0 ) and t ≤ t0 ∧ r2T2 = t0 provided
t0 ≤ r2T2 = 1
4
λ2t0C
−1
1 T2,
or
(3.9) λ2T2 ≥ 4C1.
Let U = Bg0(p, R − 3λt
1
2
0 ) and let ρ =
√
c−12 t0. By Lemma A.1, we can find
a solution to the Ka¨hler-Ricci flow h(s) defined on Uρ × [0, αc−12 t0], where
α = α(n) is a positive constant depending only on n, and
Uρ = {x : Bg(t0)(x, ρ) ⋐ Bg0(p, R− 3λt
1
2
0 )}
with h(0) = g(t0) and
(3.10) αh(0) ≤ h(s) ≤ α−1h(0)
on Uρ. We claim
(3.11) Uρ ⊃ Bg0(p, R− 4λt
1
2
0 ).
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In fact for x ∈ Bg0(p, R− 4λt
1
2
0 ),
Bg(t0)(x, ρ) = Bg(t0)(x,
√
c−12 t0) ⋐ Bg(t0)(x,
1
2
λt
1
2
0 )
provided
(3.12) c
−
1
2
2 <
1
2
λ.
By (3.5), we conclude that the claim is true.
By Lemma A.2, by (3.11), (3.5) and the definition of Uρ, there exists A =
A(n) such that for x ∈ Bg0(p, R− 5λt
1
2
0 ),
|Rm(h(x, s))| ≤ Aρ−2 = c2A
t0
≤ c2A(1 + µ)
2
(1 + µ)2t0
≤ c2A(1 + µ)
t
for all t ≤ (1 + µ)2t0, provided
(3.13) µ ≤ αc−12 .
We will choose µ ≤ 1. Hence we can extend g(t) on Bg0(p, R − 5λt
1
2
0 ) to a
Ka¨hler-Ricci flow defined on [0, (1 + µ)t0] if we define g(t) = h(s + t0) for
t ≥ t0. Moreover the curvature of g(t) satisfies
|Rm(g(x, t))| ≤ a
t
on Bg0(p, R− 5λt
1
2
0 )× [0, (1 + µ)2t0] provided that,
(3.14) c2A(1 + µ)
2 ≤ a
By (3.8) and (3.10), we conclude that the injectivity radius of h(s) at x ∈
Bg0(p, R− 5λt
1
2
0 )
injh(s)(x) ≥
√
c−13 t0
for some constant c3 depending only on c2, α, n which implies that c3 depends
only on n, v, β0 by [6]. Hence
injg(t)(x) ≥
√
a−1t
for t ≥ t0 provided,
(3.15) a ≥ c3.
Hence the lemma is true, provided a, T, µ, λ can be chosen so that conditions
(3.2), (3.4), (3.6), (3.7), (3.9), (3.13), (3.14), (3.15) are satisfied. Let us list
the conditions below
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

µ ≤ αnc−12 , µ ≤ 1, c2 = c2(n, v, β0);
a ≥ c3; c3 = c3(n, v, β0);
c2A(1 + µ)
2 ≤ a, c2 = c2(n, v, β0), A = A(n);
λ2T1 ≥ 1, T1 = T1(n, a);
βa
1
2 ≤ 1
2
λ, β = β(n);
λ2T2 ≥ 4C1; T2 = T2(n, v, β0), C1 = C1(n, a);
(λT
1
2 )−1 ≥ β
1
2
0 ;
1
2
λT
1
2 ≤ 1;
Choose µ(n, v, β0) > 0 small enough so that the first inequality is true. Now
choose a = a(n, v, β0) > 1 large enough so that a ≥ c3 and a ≥ 4c2A, then
the second and the third inequalities are true. (3.13) and (3.14) are satisfied.
Then one can choose λ(n, v, β0) > 0 large enough so that the fourth, fifth and
sixth inequalities are true. Finally, Choose T (n, v, β0) > 0 so that the last two
inequalities are true. This completes the proof of the lemma.

Lemma 3.2. For all β0 ≥ 1 and v > 0, there exist T (n, v, β0, B) > 0 and
L(n, v, β0) > 0 such that the following is true:
Suppose (Mn, g0) is a Ka¨hler manifold with complex dimension n and p ∈M
so that Bg0(p, R) ⋐M for some R > 1 and for all x ∈ Bg0(p, R),
(1) Ric(g0)(x) ≥ −β0;
(2) OB(g0)(x) ≥ −β0;
(3) Vg0(x, r) ≥ vr2n, for r ≤ 1 and Bg0(x, r) ⊂ Bg0(p, R).
Suppose g(t) is a smooth Ka¨hler-Ricci flow on Bg0(p, R)× [0, S]
(i) |Rm(g(t))| ≤ Bt−1;
(ii) injg(t)(x) ≥
√
B−1t
Then we also have
(i) |Rm(g(t))| ≤ Lt−1;
(ii) injg(t)(x) ≥
√
L−1t
in Bg0(p, R− 12) and 0 ≤ t ≤ S ∧ T .
Proof. We may assume that β0 > 100. By Proposition 2.2, there exist C1 =
C1(n,B) > 1, T1 = T1(n,B) > 0 with r = (
√
β0)
−1 such that
OB(g(x, t)) ≥ −C1β0; Ric(g(x, t)) ≥ −C1β0
for all x ∈ Bg0(p, R− 2β−
1
2
0 ) for all 0 ≤ t ≤ S ∧ β−10 T1. Here we have used the
fact that r < 1
3
.
By Proposition 2.3 and Lemma A.3, there exist L(n, v) > 0, T2(n, v, B) > 0
for all x ∈ Bg0(p, R− (2 + C−
1
2
1 )β
−
1
2
0 ) so that Bg0(x, (C1β0)
−
1
2 ) ⋐ M , we have
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Bg(t)(x,
1
2
(C1β0)
−
1
2 ) for t ∈ S ∧ (C1β0)−1T2 and hence
|Rm(g(x, t))| ≤ L
t
; injg(t)(x) ≥
√
L−1t
for all 0 ≤ t ≤ S ∧ β−10 T1 ∧ (C1β0)−1T2. Since β0 > 100, C1 > 1, we have
(2 + C
−
1
2
1 )β
−
1
2
0 <
1
2
. From this it is easy the lemma is true.

Remark 3.1. Since the constant L(n, v) in Lemma 3.2 depends only on v, n, by
the proof of Lemma 3.1, we may assume that a in the Lemma 3.1 also satisfies
a ≥ L.
We are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Let a, T, λ, µ as in Lemma 3.1. By Lemma 3.2 and
Remark 3.1, there exists T1(n, v, β0, B) > 0 such that
(3.16)
{ |Rm(g(t))| ≤ at−1;
injg(t)(x) ≥
√
a−1t
in Bg0(p, R+
1
2
)× [0, S ∧ T1] ⊃ Bg0(p, R+ 12)× [0, S ∧ T0], where T0 = T1 ∧ T .
Suppose S ≥ T0, then the theorem is obviously true. Suppose S < T0. Let
R0 = R +
1
2
, t0 = S
and let
tk+1 = (1 + µ)
2tk, Rk+1 = Rk − 5λt
1
2
k
for k ≥ 0. For k = 0, then R0 = R + 12 > R and t0 = S < T0. Since tk ↑ ∞,
there is k0 ≥ 1 such that tk < T0 and Rk > R for all k < k0. Moreover,
tk0 ≥ T0 or Rk0 ≤ R. Clearly, k0 ≥ 1. By Lemma 3.1, we conclude that g(t)
can be extended to Bg0(p, Rk0−1)× [0, tk0−1] satisfying the conditions (1) and
(2).
Suppose Rk0 ≤ R, then
1
2
≤
k0−1∑
k=0
5λt
1
2
k
=5λt
1
2
k0
k0∑
i=1
(1 + µ)−i
≤5λµ−1t
1
2
k0
.
So
tk0 ≥
(
1
10
µλ−1
)2
.
and
tk0−1 = (1 + µ)
−2tk0 ≥ (1 + µ)−2(
1
10
µλ−1)2 ≥ T0
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if T0 is adjusted so that T0 ≤ (1 + µ)−2( 110µλ−1)2. Since Rk0−1 > R, we
conclude that g(t) can be extended to [0, T0] on Bg0(p, R) satisfying (1) and
(2).
If Rk0 > R and tk0 ≥ T0. Then Rk0−1 > R and tk0−1 < T0 by the definition
of k0. By Lemma 3.1, g(t) can be extended to [0, tk0 ] ⊃ [0, T0] on Bg0(p, Rk0) ⊃
Bg0(p, R) satisfying (1) and (2). This completes the proof of the theorem.

3.2. Existence of Ka¨hler-Ricci flow on M × [0, T ]. The following is a
consequence of Theorem 1.3:
Lemma 3.3. For any β0 ≥ 1, v > 0, there exist a(n, v, β0) ≥ 1, T (n, v, β0) >
0, and C(n, v, β0) ≥ 0 such that the following is true:
Suppose (Mn, g0) is a Ka¨hler manifold with complex dimension n. Let p ∈M
so that Bg0(p, R + 4) ⋐M for some R > 1 and for all x ∈ Bg0(p, R+ 3),
(i) Ric(g0) ≥ −β0;
(ii) OB(g0) ≥ −β0;
(iii) Vg0(x, 1) ≥ v.
Then there is a smooth Ka¨hler-Ricci flow g(t) solution on Bg0(p, R) × [0, T ]
such that
(1) |Rm(g(t))| ≤ at−1;
(2) injg(t)(x) ≥
√
a−1t; and
(3) OB(g(x, t) ≥ −C(n, v, β0); Ric(g(x, t) ≥ −C(n, v, β0).
Proof. Let a(n, v, β0) be the constant obtained from Theorem 1.3. OnBg0(p, R+
4), choose 1 >> ρ > 0 small enough so that for all x ∈ Bg0(p, R+ 3),
(3.17)


Bg0(x, ρ) ⋐M ;
|Rm(g0)| ≤ ρ−2;
injg0(x) ≥ ρ.
Then we may apple Lemma A.1 with N = M , U = Bg0(p, R + 3) to get a
solution to the Ka¨hler-Ricci flow g˜(t) with g˜(0) = g0 defined on Bg0(p, R +
2)× [0, αnρ2]. By smoothness of g˜(t), we may choose ρ small enough so that
so that for all (x, t) ∈ Bg0(p, R+ 2)× [0, αnρ2],
(3.18)
{ |Rm(g˜(t))| ≤ at−1;
injg˜(t)(x) ≥
√
a−1t.
By Theorem 1.3, g˜(t) can be extended to a solution to the Ka¨hler-Ricci flow
on Bg0(p, R+ 1)× [0, T ] for some T (n, v, β0) > 0 so that g(t) satisfies (1) and
(2) in the lemma. Property (3) in the lemma follows from Proposition 2.2
be choosing a possible smaller T > 0 which depends only on n, v, β0, since a
depends only on n, v, β0.

Now Theorem 1.2 (II) follows from Lemma 3.3 using exhaustion argument.
We restate it for the convenience of the readers.
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Theorem 3.1. For any n ∈ N, v > 0, there exist T (n, v), a(n, v), L(n, v) >
0 such that the following holds. Suppose (M, g0) is a complete noncompact
Ka¨hler manifold with
(a) Ric(g0) ≥ −1 on M ;
(b) OB(g0) ≥ −1 on M ;
(c) Vg0(x, 1) ≥ v for all x ∈M ,
then there is a complete solution g(t) to the Ka¨hler-Ricci flow starting from g0
such that
(3.19)


Ric(g(t)) ≥ −L;
OB(g(t)) ≥ −L;
|Rm(g(t))| ≤ at−1;
injg(t)(x) ≥
√
a−1t
on M × (0, T ].
Proof. Fix p ∈ M and denote Ωi = Bg0(p, i), i ∈ N with i ≥ 5. By Lemma
3.3, there exist T (n, v, β0) > 0, a(n, v, β0) > 0, C(n, v, β0) > 0 such that for all
i ∈ N, we can find a Ka¨hler-Ricci flow gi(t), t ∈ [0, T ] defined on each Ωi which
satisfies
(3.20)


|Rm(gi(t))| ≤ at−1
injgi(t)(x) ≥
√
a−1t
OB(gi(x, t) ≥ −C(n, v, β0); Ric(gi(x, t) ≥ −C(n, v, β0).
for (x, t) ∈ Ωi × [0, T ].
By [5, Corollary 3.2] (see also [37]) and the modified Shi’s higher order esti-
mate [9, Theorem 14.16], we infer that for any j, k ∈ N, there is C(n, k,Ωj , g0, v) >
0 so that for all i > j,
sup
Ωj−1×[0,T ]
|∇kRm(gi(t))| ≤ C(n, k,Ωj, g0, v).(3.21)
By working in coordinate chart and Ascoli-Arzela` Theorem, we may pass to
a subsequence to obtain a smooth solution g(t) = limi→+∞ gi(t) of the Ka¨hler-
Ricci flow on M × [0, T ] with g(0) = g0 so that |Rm| ≤ at−1 on M × (0, T ]
and
OB(g(x, t) ≥ −C(n, v, β0); Ric(g(x, t) ≥ −C(n, v, β0)
for all (x, t) ∈M × [0, T ]. Moreover, it is a complete solution by Lemma A.3.
This completes the proof of the theorem. 
3.3. Partial Ka¨hler-Ricci flow. Next we want to prove the existence of
partial Ka¨hler-Ricci flow, namely Theorem 1.2 (I) which will be used to
study Gromov Hausdorff limit of complete Ka¨hler manifolds with almost non-
negative curvature as in [24, 25]. We prove a more general version:
Theorem 3.2. For any n, v0 > 0 and any nondecreasing positive function
f(r) : [0,∞) → (1,∞), there exist nondecreasing sequence ak, βk ≥ 1 and
nonincreasing sequence Sk > 0 such that the following holds:
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Suppose (Mn, g0) is a complete non-compact Ka¨hler manifold and p ∈M so
that
(1) Ric(g0) ≥ −f(r) on Bg0(p, r) for all r > 0;
(2) OB(g0) ≥ −f(r) on Bg0(p, r) for all r > 0;
(3) Vg0(p, 1) ≥ v0.
Then for any m ∈ N, there is a solution to the Ka¨hler-Ricci flow gm(t) defined
on a subset Dm of spacetime given by
Dm =
m⋃
k=1
(Bg0(p, k)× [0, Sk]) ,
with gm(0) = g0 on where it is defined and satisfies
(3.22)


Ric(gm(t)) ≥ −βk;
OB(gm(t)) ≥ −βk;
|Rm(gm(t))| ≤ akt−1;
injgm(t)(x) ≥
√
a−1k t
on each Bg0(p, k)× (0, Sk].
Proof. The proof is similar to that in [24, Theorem 1.2]. For the sake of
completeness, we sketch the proof here. By volume comparison, for k ∈ N,
there exists a sequence vk(n, v0, f) > 0 such that for all x ∈ Bg0(p, k + 4),
Vg0(x, 1) ≥ vk.
Part A. By Lemma 3.3, for each k ≥ 2, there exist ak(n, vk, f(k + 4)) >
1, βk(n, vk, f(k + 4)) ≥ 1, Tk(n, vk, f(k + 4)) > 0 and smooth solution gk(t)
defined on Bg0(p, k)× [0, Tk] such that


Ric(gk(t)) ≥ −βk;
OB(gk(t)) ≥ −βk;
|Rm(gk(t))| ≤ akt−1;
injgk(t)(x) ≥
√
a−1k t
We may assume that ak is nondecreasing.
Part B. By Theorem 1.3, Lemma 3.2 and Proposition 2.2, for each k there
is T˜k(n, vk+1, ak, ak+1) > 0 such that for any smooth solution h(t) defined on
Bg0(p, k + 1)× [0, T ] with h(0) = g0 so that

Ric(h(t)) ≥ −βk+1;
OB(h(t)) ≥ −βk+1;
|Rm(h(t))| ≤ ak+1t−1;
injh(t)(x) ≥
√
a−1k+1t
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can be extended to a smooth solution h˜(t) of the Ka¨hler-Ricci flow onBg0(p, k)×
[0, T˜k] so that h˜(t) = h(t) on [0, T˜k ∧ T ] and satisfies

Ric(h(t)) ≥ −βk;
OB(h(t)) ≥ −βk;
|Rm(h(t))| ≤ akt−1;
injh(t)(x) ≥
√
a−1k t
on Bg0(p, k)× [0, T˜k] by choosing larger βk and ak. We may adjust so that T˜k
is non-increasing.
Define Sk = T˜k for k ∈ N. Now fixed m ∈ N with m ≥ 2. By Part A, we
can find a solution gm(t) to the Ka¨hler-Ricci flow defined on Bg0(p,m+ 1)×
[0, Tm+1]. Then using Part B, gm(t) admits a local extension on Bg0(p,m)×
[0, Sm] so that 

Ric(gm(t)) ≥ −βm;
OB(gm(t)) ≥ −βm;
|Rm(gm(t))| ≤ amt−1;
injgm(t)(x) ≥
√
a−1m t
By the choice of Sk, gm(t) can be extended to [0, Sm−1] on Bg0(p,m− 1), still
denoted by gm(t), so that

Ric(gm(t)) ≥ −βm−1;
OB(gm(t)) ≥ −βm−1;
|Rm(gm(t))| ≤ am−1t−1;
injgm(t)(x) ≥
√
a−1m−1t
on Bg0(p,m − 1) × [0, Sm−1]. Inductively, gm(t) can be further extended to
[0, Sk] on each Bg0(p, k) for m > k ≥ 2 so that (3.22) is true. This completes
the proof of the theorem. 
4. Applications
4.1. Gromov-Hausdorff limit of Ka¨hler manifolds. The First applica-
tion is to use the Ka¨hler-Ricci flow to smooth a metric space which is the limit
of a sequence of complete globally non-collapsing Ka¨hler manifolds with the
almost non-negative curvature conditions.
Proof of Theorem 1.1 (II). By using the global existence result of the Ka¨hler-
Ricci flow, the proofs here follow almost verbatim from the arguments in [1,
Corollary 4], [15, Corollary 1.3] and [39, Theorem 1.8]. For the sake of com-
pleteness, we include the argument here. By Theorem 3.1, there is uniform
constant T, a and L depending only on n and v such that for each i, there is a
short-time solution gi(t) to the Ka¨hler-Ricci flow defined on Mi × [0, T ] with
Ric(gi(t)) ≥ −L, |Rm(gi(t))| ≤ at−1 and injgi(t)(x) ≥
√
a−1t on Mi × (0, T ].
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By [39, Lemma 3.1], for all 0 ≤ s < t < T , i ∈ N and for all x, y ∈Mi,
dgi(s)(x, y)− βn
√
a(
√
t−√s) ≤ dgi(t)(x, y) ≤ eL(t−s)dgi(s)(x, y).(4.1)
On the other hand by Hamilton’s compactness [8, Chapter 3], we may pass
it to subsequence so that (Mi, gi(t), pi) → (M∞, g∞(t), p∞) in the Cheeger-
Gromov sense. In particular, g∞(t) is a complete Ka¨hler-Ricci flow solution
on (0, T ] which satisfies
dg∞(s)(x, y)− βn
√
a(
√
t−√s) ≤ dg∞(t)(x, y) ≤ eL(t−s)dg∞(s)(x, y)(4.2)
for all 0 < s < t < T and x, y ∈ M∞. Hence d0(x, y) = lims→0 dg∞(s)(x, y)
exists as a distance function. Combines it with the smooth convergence of
gi(t)→ g∞(t) for t > 0. This gives the result. 
The second application is to use the pyramid Ka¨hler-Ricci flow to consider
weakly non-collapsing complete Ka¨hler manifolds with almost non-negative
curvature condition. The following theorem covers Theorem 1.1(I) which is
based on the construction by McLeod-Topping in [24, 25] and the local Ka¨hler-
Ricci flow construction.
Theorem 4.1. Suppose that (Mi, gi, Ji, pi) is a sequence of complete, sooth
pointed Ka¨hler manifolds such that for some β0, v0 > 0, we have OB(gi) ≥ −β0,
Ric(gi) ≥ −β0 on Mi and Vgi(pi, 1) ≥ v0 for all i ∈ M . Then there exists a
smooth complex manifold (M∞, J∞), a point x∞ ∈M and a complete distance
metric d : M∞ ×M∞ → [0,+∞) generating the same topology as the one on
M∞ and a smooth Ricci flow g(t) defined on a subset of M∞ × (0,+∞) that
contains Bd(x∞, k)×(0, Tk] for k ∈ N with dg(t) → d locally uniformly on M as
t→ 0 and after passing to a subsequence in i, we have (Mi, dgi, pi) converges to
(M∞, d, x∞) in the pointed Gromov Hausdorff sense. Moreover, g(t) is Ka¨hler
with respect to the complex structure J∞ on where it is defined.
Proof. Thanks to Theorem 3.2, there exists a sequence of pyramid Ka¨hler
Ricci flow gk(t) on
⋃k
m=4Bgk(xk, m)× [0, Tm]. Moreover, there exists sequence
am, βm, Tm such that
(4.3)
{ |Rm(gk(t))| ≤ amt−1;
Ric(gk(t)) ≥ −βm
on Bgk(pk, m)× (0, Tm] for m ≤ k.
The existence and convergence of M∞, d, x∞, g(t) as a smooth manifold and
Riemannian Ricci flow follows from the argument in [24, Theorem 5.1]. It
remains to prove that M∞ admits a complex structure J∞ and g(t) is Ka¨hler
with respect to J∞. The main ingredient is that we constructed gk(t) so that
it preserved Ka¨hlerity locally.
From the proof of [24, Theorem 5.1], there is a sequence of smooth map fmk :
Bd(x∞, m)→ Bgk(xk, m+1) ⊂Mk mapping x∞ to xk such that (fmk )∗gk(t)→
g(t) smoothly uniformly on any [δ, Tm]. Moreover, f
m
k is diffeomorphic onto
their image, see the construction in [24, page 9-11]. Now we will follow closely
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the argument in [8, Chapter 3] to construct the complex structure. Consider
the sequence of (1, 1) tensor Jm,k = ((f
m
k )
−1)∗Jk(f
m
k )∗ on Bd(x∞, m). Clearly
on Bd(x∞, m),
(4.4)


∇(fmk )∗gk(t)Jm,k = 0;
(Jm,k)
2 = −IdTM∞ ;
(fmk )∗gk(t) ◦ Jm,k = (fmk )∗gk(t).
For any δ > 0, since we have (fmk )∗gk(t) → g(t) smoothly uniformly on
Bd(x∞, m) × [δ, Tm], (4.4), (4.3) and Shi’s estimate [35] implies that Jm,k are
locally uniformly bounded in any C l norm with respect to g(Tm). Hence by
passing to subsequence in k and Ascoli-Arzela` Theorem, Jm,k converges to a
smooth (1, 1) tensor Jm in C
∞
loc on compact sets of Bd(x∞, m). Moreover, by
passing (4.4) to Jm, we have a sequence of locally defined almost complex
structure Jm on Bd(x∞, m) such that
(4.5)


∇g(t)Jm = 0;
(Jm)
2 = −IdTM∞ ;
g(t) ◦ Jm = g(t).
By passing (4.3) to limiting solution, g(t) is a pyramid Ricci flow solution
such that for all k ∈ N,
|Rm(g(t))| ≤ ak+1
t
on Bd(x∞, k)× (0, Tk].
This together with Shi’s higher order estimates [35] and (4.5) implies that
for fixed compact set Ω = Bd(x∞, k) and m sufficiently large, Jm are uniformly
bounded in any C lΩ norm with respect to metric g(Tk). Therefore by diagonal
subsequence argument and Ascoli-Arzela` Theorem again,M∞ admits a smooth
almost complex structure J∞ = limm→+∞ Jm.
To see that J∞ is a complex structure, it suffices to point out that the
Nijenhuis tensor vanishes. This follows easily from the local existence of almost
Hermitian metric g = g(Tm) on each Bd(x∞, m) so that ∇gJ∞ = 0. The
Ka¨hlerity of g(t) follows immediately. 
Remark 4.1. The general version of Gromov compactness theorem will imply
the existence of limit space if the Ric(gi) is bounded from below by a function
of distance function dgi(x, pi), for example see [33, Corollary 30]. In this case,
it is clear from the proof in [24, Theorem 5.1] that one may also allow the
lower bound on OB(g0) and Ric(g0) to be a decreasing function on dgi(x, pi).
4.2. Applications to Ka¨hler manifolds with OB ≥ 0,Ric ≥ 0. First, we
establish a longtime existence result of the Ka¨hler-Ricci flow under maximal
volume growth condition.
Theorem 4.2. Suppose (Mn, g0) is a complete non-compact Ka¨hler manifold
with non-negative orthogonal bisectional curvature, non-negative Ricci curva-
ture and maximal volume growth. There is a complete solution to the Ka¨hler-
Ricci flow g(t) with g(0) = g0 on M × [0,∞) such that
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(i) OB(g(t)) ≥ 0,Ric(g(t)) ≥ 0 for all t ≥ 0;
(ii) |Rm(g(t))| ≤ at−1, injg(t)(x) ≥
√
a−1t for some a > 0 for all x ∈M, t >
0.
(iii) Vg(t)(Bg(t)(x, r)) ≥ vr2n for some v > 0 for all x ∈M, r > 0 and t > 0.
Proof. Since (M, g0) has maximal volume growth, Vg0(B(x, r)) ≥ vr2n for some
v > 0 for all x ∈M, r > 0. For any R >> 1, let hR0 = R−2g0. Then OB(hR0 ) ≥
0,Ric(hR0 ) ≥ 0 and VhR
0
(B(x, 1)) ≥ v for all x by volume comparison. By
Theorem 3.1, there exist a > 0, T > 0 independent of R so that a short-time
solution hR(t) to the Ka¨hler-Ricci flow defined on M × [0, T ] hR(0) = hR0 such
that and for all (x, t) ∈M × (0, T ],
(4.6)
{ |Rm(hR(t))| ≤ at−1;
injhR(t)(x) ≥
√
a−1t
By Corollary 2.1, we conclude that OB(hR(t)) ≥ 0,Ric(hR(t)) ≥ 0. Rescale
it back to gR(t) = R
2hR(R−2t). Then gR(t) is a solution to the Ka¨hler-Ricci
flow so that it is defined on M × [0, T · R2], gR(0) = g0 and satisfies
(4.7)


|Rm(gR(t))| ≤ at−1;
injgR(t)(x) ≥
√
a−1t
OB(gR(t)) ≥ 0,Ric(gR(t)) ≥ 0.
for (x, t) ∈ M × (0, T · R2]. As in the proof of Theorem 3.1, we may find
Ri → +∞ so that g(t) = limi→+∞ gRi(t) is defined on M × [0,+∞). And
the convergence is locally uniformly in any Ck norm on any compact sets of
M × [0, T ]. Moreover, g(t) satisfies (i) and (ii) in the theorem.
On the other hand, by [38, Lemma 2.3], by choosing a smaller T , one can
conclude that VhR(t)(x, 1) ≥ c > 0 for some c independent of R, t, x. From this
and the volume comparison, one can conclude that (iii) is true. 
Now we are ready to prove the uniformization result.
Corollary 4.1. Suppose (Mn, g0) is a complete non-compact Ka¨hler manifold
with non-negative orthogonal bisectional curvature, non-negative Ricci curva-
ture and maximal volume growth. Then M is biholomorphic to a pseudocon-
vex domain in Cn which is homeomorphic to R2n. Moreover, M admits a
non-trivial holomorphic function with polynomial growth.
Proof. Let g(t) be as in Theorem 4.2. From the injectivity radius lower bound
and non-negative Ricci curvature in the theorem, one can conclude that M
is simply connected. By taking gi = i
−1g(i) and by [3, Theorem 1.2], M is
biholomorphic to a pseudoconvex domain in Cn which is homeomorphic to R2n.
One can also prove the biholomorphism using the argument in [36, section 9],
see also [7, Theorem 1.2].
It remains to show the existence of non-trivial holomorphic function. Since
g(1) ≤ g(0), we can assume |Rm(t)| ≤ a(t+1)−1 for all t > 0 by working on g(1)
instead of g0. Let F (x, t) = log
det g(t)
det g0
and k(x, s) =
´
Bg0 (x,s)
Rg0 dµg0. By the
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proof of [28, Theorem 2.1], curvature estimates |Rm| ≤ a(t+1)−1 and Ricci flow
equation, we can find C > 0 such that for all t > 0,
´ t
0
sk(x, s)ds ≤ C log(t+1)
and hence
´
∞
0
k(x, s)ds < +∞. Using the result in [29, Theorem 1.2], we can
find smooth function u with logarithmic growth such that
√−1∂∂¯u = Ric(g0).
Let v(t) be the heat equation with initial data u. Noted that M is simply
connected. By [27, Theorem 2.1, Proposition 2.1], there is splitting M =
M1 ×M2 where
√−1∂∂¯v > 0 on M1 and
√−1∂∂¯v = 0 on M2. By Cheng-
Yau’s gradient estimate, v(x, t) = c = u(x) on M2. Hence M2 has nonnegative
OB and Ric ≡ 0. Therefore M2 must be flat, see [27, Page 9-10]. Therefore,
there is a strictly plurisubharmonic function on M with logarithmic growth.
The existence then follows from standard argument using L2 estimate of ∂¯,
see [26] for example. This completes the proof. 
Appendix A. Some auxiliary results
The following is Proposition II.2.6 in [14] by Hochard which is stated in
term of curvature cone of IC1, IC2 and CO. It is not difficult to see that it
holds for more general curvature condition. We state the proposition in the
following form which is clear from his proof:
Proposition A.1. For n ∈ N, a > 0, c > 0, there is A(n, a, c) > 0 such that
the following holds:
Suppose (M, g(t)), t ∈ [0, T ] is a smooth solution to the Ricci flow and p ∈M
so that Bg0(p, 1) ⋐M . Suppose for all (x, t) ∈ Bg0(p, 1)× [0, T ],
(1) Ric(g(0)) ≥ −1;
(2) |Rm(g(t))| ≤ at−1;
(3) injg(t)(x) ≥
√
a−1t.
Then for any Lipschitz function ℓ on Bg0(p, 1) × [0, T ], satisfying |l| ≤ at−1
and (
∂
∂t
−∆
)
ℓ ≤ Rℓ+ cℓ2,
with ℓ(x, 0) ≥ −1 on Bg0(p, 1), we have ℓ(x, t) ≥ −Aρ−2(x) for (x, t) ∈
Bg0(p, 1)× [0, T ] where R = R(x, t) is the scalar curvature of g(t) at x and
ρ(x) = sup{r ∈ (0, 1] : Bg0(x, r) ⋐ Bg0(p, 1)}.
The following is a local existence lemma of Ka¨hler-Ricci flow from [16,
Lemma 5.1] which is based on using the Chern-Ricci flow. This is a Ka¨hler
analogy of [39, Lemma 4.3], see also [13, Lemma 6.2].
Lemma A.1. There exists 1 > αn > 0 depending only on n so that the
following is true: Let (Nn, h0) be a Ka¨hler manifold and U ⊂ N is a precompact
open set. Let ρ > 0 be such that Bh0(x, ρ) ⊂⊂ N , |Rm(h0)|(x) ≤ ρ−2 and
injh0(x) ≥ ρ for all x ∈ U . Assume Uρ is non-empty. Then for any component
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X of Uρ, there is a solution h(t) to the Ka¨hler-Ricci flow on X × [0, αnρ2],
where for any λ > 0
Uλ := {x ∈ U | Bh0(x, λ) ⊂⊂ U},
with g(t) satisfies the following:
(i) h(0) = h0 on X
(ii)
αnh0 ≤ h(t) ≤ α−1n h0
on X × [0, αnρ2].
The following local estimates of Ka¨hler-Ricci flow are by Sherman-Weinkove
[34] and Lott-Zhang [23]. The following is from [23, Propositon A.1].
Lemma A.2. For any K, n > 0, there exists A(n,K) depending only on
n,K such that the following holds: For any Ka¨hler manifold (Nn, g0) (not
necessarily complete), suppose g(t), t ∈ [0, S] is a solution of Ka¨hler Ricci flow
on Bg0(x0, r) with g(0) = g0 and Bg0(x0, r) ⋐ N such that on B0(x0, r),
|Rm(g0)| ≤ Kr−2 and |∇g0Rm(g0)| ≤ Kr−3.
Assume in addition that on Bg0(x0, r),
K−1g0 ≤ g(t) ≤ Kg0
Then on Bg0(x0,
r
8
), t ∈ [0, S],
|Rm|(g(t)) ≤ Ar−2.
We also have the shrinking balls lemma by Simon-Topping [38, Corollary
3.3]:
Lemma A.3. There exists a constant β = β(m) ≥ 1 depending only on m
such that the following is true. Suppose (Nm, g(t)) is a Ricci flow for t ∈ [0, S]
and x0 ∈ N with B0(x0, r) ⊂⊂ M for some r > 0, and Ric(g(t)) ≤ (n− 1)a/t
on Bg0(x0, r) for each t ∈ (0, S]. Then
Bt
(
x0, r − β
√
at
)
⊂ Bg0(x0, r).
Appendix B. An example
In [30, section 7], Ni and Zheng has constructed an U(n) invariant Ka¨hler
metric on Cn with OB ≥ 0,Ric > 0 and holomorphic sectional curvature being
negative somewhere. In particular, the holomorphic bisectional curvature is
not nonnegative. One can check that one of their example also has maximal
volume growth.
First, we recall a necessary and sufficient condition for a complete U(n)
invariant Ka¨hler metric to have maximal volume growth using the characteri-
zation function ξ. The following theorem was stated in [41, Theorem 3] within
the class of U(n) invariant metrics with nonnegative bisectional curvature, but
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it is clear from their proof that it suffices to assume the completeness, namely
ξ ∈ (0, 1).
Theorem B.1. [41, Theorem 3] If ξ ∈ (0, 1), then the corresponding complete
U(n) invariant Ka¨hler metric g satisfies
lim
r→+∞
r−2nVg(Bg(p, r)) > 0
if and only if limr→+∞ ξ(r) < 1.
It suffices to check ξ(∞) < 1. Using the notation in [30], we have
1
(1− ξ(r))2 = 1 + (F
′(x))2 = (k(x2))2
where F is a function of x =
√
rh. Hence, the condition ξ(∞) < 1 is equivalent
to the finiteness of F ′(x0) where x0 = limr→+∞
√
rh ≤ +∞. From their first
example, k(t) is chosen to be 1 + β + tβ ′ where
β(t) = λ
(
1− 1
(1 + t2)a
)
for some a ∈ (1
2
, 1) and λ = λ(a) > 1. Then
β + tβ ′ = λ
(
1− 1
(1 + t2)a
)
+
2aλt2
(1 + t2)a+1
→ λ <∞.
Hence x0 = ∞ and ξ(∞) < 1. As g has Ric ≥ 0, g has maximal volume
growth.
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